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We consider a class of interacting dark energy models in a flat and nonflat FLRW universe where
the interaction is characterized by the modified evolution of the pressureless dark matter as a−3+δ(a),
a being the FLRW scale factor and δ(a) quantifies the interaction rate. By assuming the most natural
and nonsingular parametrization for δ(a) as δ (a) =
∑
i δi(1 − a)i, where δi’s (i = 0, 1, 2, 3, ..) are
constants, we reconstruct the expansion history of the universe for three particular choices of the DE
sector using different cosmological datasets. Our analyses show that the non-interacting scenario is
consistent with the observations while the interaction is not strictly ruled out. We reconstruct in
the following way. We start with the first two terms of δ(a) above and constrain δ0, δ1. Then we
consider up to the second order terms in δ(a) but fix δ0, δ1 to their constrained values and constrain
δ2; similarly we constrain δ3, and finally we constrain (δ0, δ1, δ1, δ3) by keeping all of them to be
free as a generalized case. Our reconstruction technique shows that the constraints on δ2 (fixing
δ0 and δ1) and δ3 (fixing δ0, δ1 and δ2) are almost zero for any interaction model and thus the
effective scenario is well described by the linear parametrization δ(a) ' δ0 + δ1(1−a). Additionally,
a strong negative correlation between δ0, δ1 is observed independently of the dark energy fluid and
the curvature of our universe.
PACS numbers: 98.80.-k, 95.36.+x, 95.35.+d, 98.80.Es
I. INTRODUCTION
Observational evidences from a series of astronomi-
cal sources firmly point towards an accelerating phase
of the universe at the present epoch. Theoretically this
accelerating phase is realized either by introducing some
dark energy fluid in the context of Einstein gravity or
by introducing new gravitational theories different from
General Relativity. Concerning the dark energy prob-
lem, one of the simplest dark energy candidate is the
cosmological constant Λ. Along with a cold dark matter
(CDM), this model accounts for the current cosmologi-
cal data quite effectively but it suffers from the major
problem, the so-called “Fine-tuning” problem [1, 2, 3, 4].
The Fine-tuning problem has to do with the huge mis-
match of the theoretically predicted value of Λ which is
∼ 120 orders of magnitude larger than the value con-
sistent with observations. In order to overpass this ma-
jor problem, various cosmological models has been pro-
posed such as the introduction of scalar fields, or mat-
ter sources with exotic equations of state, modification
of Einstein’s General Relativity and many others, see
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and
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references therein.
In this work we shall deal with cosmological models
where an interaction exists between the fluid terms in
the dark sector; that is, the dark energy and dark mat-
ter do not satisfy the conservation equations indepen-
dently. The conservation of energy is satisfied only for
the combined dark sector. The interaction mechanism
became focused and popular in the cosmological regime
when such models were found to explain the cosmic co-
incidence problem [20, 21, 22, 23, 24], another crucial
problem of modern cosmology. However, if one looks
back into the literature, one can find that the original
proposal of an interaction between the matter fields was
motivated to explain the lowest value of the cosmologi-
cal constant [25]. Now, in presence of an interaction, the
conservation laws for the cold dark matter (CDM) and
the dark energy (DE) can be recast as ∇νTµνc = −Qc
and ∇νTµνx = Qx, where Qc = Qx = Q such that
∇ν (Tµνc + Tµνx ) = 0. Here, Q is the energy transfer
rate or the interaction function which characterizes the
strength and direction of energy flow between the dark
sectors; c, x stand for the CDM and DE sectors respec-
tively. However, there is no pressing need to choose a
particular form of the interaction, except perhaps the re-
quirement that the interaction is non-gravitational, but
indeed there are ways to choose an ansatz for the inter-
action rate and estimate the interaction parameters from
available data.
The basic motivation for introducing the interaction is
that there is no apriori reason for assuming that there is
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2none. The interaction that is considered is certainly not
gravitational, but there is hardly any preferred model
for the interaction. However, it has been consitently ob-
served that the interaction in the dark sector might be
able to reconcile the tensions in the Hubble constant H0
[26, 27, 28, 29] and in the amplitude of the matter power
spectrum σ8 [30, 31]. Thus, the mechanism of interaction
in the dark sector got massive attention in the cosmologi-
cal community in the recent time. We shall refer to quite
a few of the works already there in the literature in rele-
vant places, but for a very thorough review, we refer two
works, one by Bolotin, Kostenko, Lemets and Yerokhin
[32] and other work by Wang, Abdalla, Atro-Barandela
and Pavo´n [33].
In a Friedmann-Lemaˆıtre-Robertson-Walker universe,
if the interaction is not present, then one can easily see
that CDM sector, for which the pressure is zero, evolves
as a−3 where a is the scale factor of this universe. Cer-
tainly, if we allow an interaction in the dark sector, then
the evolution of the CDM will deviate from this usual
evolution law.
A small deviation from the CDM evolution can be
looked as a modification of the evolution of the mat-
ter density as a−3+δ, where δ could be either constant
or variable. In the next section we shall show that such
evolution of the CDM sector effectively reduces to a par-
ticular interaction function. If δ is treated as a variable,
then one can explore several possibilities and moreover
one can reconstruct the interaction using the observa-
tional data.
In this work we have considered that dark matter and
dark energy interact with each other where the interac-
tion is characterized by the evolution of the CDM sec-
tor: ρc ∝ a−3+δ(a) where δ(a) is a time varying quantity.
Since the dark energy could be anything, hence, we have
considered three types of dark energy fluid, namely, the
vacuum energy, dark energy with constant equation of
state and the dark energy fluid with a dynamical equa-
tion of state. Finally, by using the observational data,
we have reconstructed all the interacting scenarios.
The work has been organized in the following way. In
section II we set up the basic framework of our study and
introduce the models. Section III describes the observa-
tional data used to analyze the models. Then in section
IV we discuss the observational constraints on the inter-
acting models. Finally, we close the work with a brief
discussion summarized in section V.
II. INTERACTING DARK ENERGY
Let us consider the homogeneous and isotropic uni-
verse described by the Friedmann-Lemaˆıtre-Robertson-
Walker line element
ds2 = −dt2 + a2(t)
[ dr2
1−Kr2 + r
2
(
dθ2 + sin2 θ dφ2
)]
,
(1)
in (t, r, θ, φ) comoving coordinate system where a(t) is
the expansion scale factor of the universe and K = 0,±1
denotes the constant spatial curvature. In the context of
Einstein’s General Relativity the main constituents of the
universe are considered to be baryons, radiation, pres-
sureless dark matter (cold dark matter) responsible for
the structure formation of the universe and finally dark
energy fluid that steers the late time acceleration of the
universe. In addition to that, we consider that there is
an interaction in the dark sector of the universe. In par-
ticular, we consider that the cold dark matter (CDM)
and dark energy (DE) are coupled to each other where
DE has a barotropic equation of state parameter, that is,
px = wxρx, where ρ, p and w are the density, pressure
and the equation of state parameter respectively, and the
subscript x corresponds to DE.
Due to the coupling between CDM and DE, the total
conservation equation can be decoupled as follows
ρ˙c + 3Hρc = −ρ˙x − 3H(1 + wx)ρx = Q, (2)
where the subscript c corresponds to CDM and Q is
rate of interaction between the dark sectors already men-
tioned about in the introduction. Usually the interacting
dark energy models are motivated from phenomenolog-
ical ground in order to mainly address the cosmic co-
incidence problem. An action formalism/action integral
producing the interacting dark energy models is certainly
appealing, however, according to our knowledge there ex-
ists Lagrangian for ideal gas. Here, our model is moti-
vated from the phenomenological ground and thus we are
not able to find such a mechanics. Of course one could
describe the above phenomena by using scalar fields hav-
ing some action formalism, see for instance [34, 35].
In order to study the interacting dynamics, various
phenomenological choices for Q have been widely studied
in the literature [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57,
58, 59, 60, 61, 62] but no one is universally accepted.
For Q > 0, the energy flow takes place from DE to
CDM while for Q < 0 the direction of energy flow is
reversed. If one pretends that there is no interaction and
the DE and CDM behave in a different way, one recasts
the conservation equation (2) as
ρ˙c + 3H
(
1 + weffc
)
ρc = 0, (3)
ρ˙x + 3H(1 + w
eff
x )ρx = 0 (4)
where weffc , w
eff
x are respectively termed as the effective
equation of state for CDM and DE that take the following
expressions:
weffc = −
Q
3Hρc
, (5)
weffx = wx +
Q
3Hρx
. (6)
3If the energy flows from DE to CDM (Q > 0), the ef-
fective state parameter for CDM becomes negative, while
the negativity of the effective equation of state for DE
decreases. So, if a phantom dark energy interacts with
CDM, then the effective dark energy state parameter will
be of a quintessence type in this version. For Q < 0, one
can see that if DE with wx > −1 interacts with CDM,
then wx can cross the phantom divide wx = −1 provided
Q is sufficiently negative. However, for the case with
interacting vacuum, the effective dark energy equation
of state definitely crosses the wx = −1 boundary for a
positive Q.
In this “effective equation of state” formulation, the
interaction manifests itself as a deviation from the stan-
dard evolution a−3 of CDM, where there is no interaction
in the dark sector, as given by [63, 64, 65, 66, 67]
ρc = ρc,0 a
−3+δ(a) , (7)
where ρc,0 is the present value of ρc; δ(a), that character-
izes the effect of the interaction, can in general be varying
with evolution and we assume that it is an analytic func-
tion of the scale factor. Here, the present value of the
scale factor is scaled to be unity.
The flow of energy between the dark sectors depends
on the sign of δ(a). Also, for δ(a) < 0, the evolution of
the CDM sector is faster, while on the other hand, for
δ(a) > 0, the evolution of the CDM factor is slower.
In the special case in which δ(a) = 0, the standard
CDM evolution is recovered, i.e., ρc ∝ a−3, which in-
dicates that there is no coupling or interaction between
the CDM and DE. When δ(a) = constant, one recovers
the cosmological scenarios discussed in [65, 66, 67]. For
a variable δ(a), one particular ansatz was introduced in
Ref. [68], namely, δ(a) = δ0
(
2a
1+a2
)
, while we think that
a detailed analysis will be worth in this direction. The
rate of interaction with a varying δ(a) can be written as
Q = Hρc
(
δ(a) + a δ′(a) ln a
)
, (8)
where δ′(a) is the differentiation of δ(a) with respect to
the scale factor a. For the above explicit form of the in-
teraction rate, the effective equation of state parameters
(5) and (6) become,
weffc =
1
3
[
δ(a) + δ′(a) ln(a)
]
, (9)
weffx = wx +
r
3
[
δ(a) + δ′(a) ln(a)
]
, (10)
where r = ρc/ρx is a positive quantity. Now, for the
evolution of CDM as in eqn. (7), one can write the DE
density evolution as
ρx =
1
f(a)
[
ρx,0 f(1)− ρc,0
∫ a
1
a−4+δ(a)f(a)
(
δ(a)
+a δ′(a) ln a
)
da
]
, (11)
where the new quantities ρx,0, ρc,0 are the current values
of ρx and ρc respectively; the functional f(a) is given by
f(a) = exp
(
3
∫
1 + wx
a
da
)
,
and f(1) is the value of f(a) at a = a0 = 1. Here, a0 is
the present value of the scale factor a(t) which is related
to the redshift z by the relation, 1 + z = a0/a.
We assume a smooth function for δ (a), which has a
Taylor expansion around the present value of a = a0 = 1
as
δ (a) = δ0 + δ1 (1− a) + δ2 (1− a)2 + ... (12)
where δ0 = δ (a) |a→1, δ1 = δ′ (a) |a→1, δ2 = δ
′′(a)|a→1
2!
etc. Thus, we actually assume that δ(a) is a differentiable
function and a Taylor expansion is possible, rather than
any complicated choice or parametrization as in [68], and
explore the interacting dynamics.
Now, within the above parametric choice of δ(a), we
can reconstruct the δi’s (i = 0, 1, 2...) and consequently
the function δ (a) using the observational data. Such an
approach has been applied in other facets of cosmology
such as the reconstruction of the inflationary model [69,
70].
The evolution of the energy density for the DE fluid,
for such a function given by in eqn. (14) takes the form
ρx =
1
f(a)
[
ρx,0 f(1)− ρc,0
∫ a
1
a−4+δ0+δ1(1−a)f(a)
(
δ0 + δ1
−δ1a (1 + ln a)
)
da
]
.
(13)
when the Taylor expansion is taken only up to the first
order,
δ(a) = δ0 + δ1(1− a). (14)
Considering the next higher order terms in δ(a), in a
similar fashion, one can calculate the evolutions of ρx.
In this work we consider upto the second and the third
order expansion,
δ(a) = δ0 + δ1(1− a) + δ2(1− a)2, (15)
4δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3. (16)
Now we introduce three equation of state parameters
for the dark energy fluid which corresponds to three dif-
ferent scenarios as follows:
1. If CDM interacts with the constant vacuum energy
which is characterized by wx = −1.
2. When CDM interacts with a dark energy fluid hav-
ing constant equation of state wx.
3. Finally, we consider a scenario where the interact-
ing dark energy has a dynamical equation of state
as
wx(a) = w0 + wa(1− a), (17)
where w0, wa, are real parameters. This
parametrization is well known in the litera-
ture as the Chevallier–Polarski–Linder (CPL)
parametrization [71, 72].
III. OBSERVATIONAL DATA
In this section we describe the main observational
datasets that are employed to constrain the parameters
of models of interacting dark energy scenarios.
1. Cosmic Microwave Background data (CMB): Ob-
servations from the cosmic microwave background
radiation plays a crucial role in constraining the
cosmological models. Here, we use the CMB data
from the Planck’s 2015 measurements [73, 74]. In
particular, we have used the Planck TT, TE, EE
likelihoods at multipoles ` > 30 together with
low−` temperature+polarization likelihood. In lit-
erature this dataset is referred to as “Planck TT-
TEEE+lowP”.
2. Supernovae Type Ia (SNIa): The Supernovae Type
Ia (SNIa) data were the first observational data
that indicated an accelerating phase of the universe
at late-time. We take the latest joint light curves
(JLA) sample [75] of SnIa containing 740 SNIa in
the redshift span z ∈ [0.01, 1.30].
3. Baryon acoustic oscillations (BAO) distance mea-
surements: For the BAO data we use the es-
timated ratio rs/DV as a ‘standard ruler’ in
which rs is the comoving sound horizon at the
baryon drag epoch and DV is the effective dis-
tance determined by the angular diameter dis-
tance DA and Hubble parameter H as DV (z) =[
(1 + z)2DA(a)
2 z
H(z)
]1/3
. We consider three dif-
ferent measurements, rs(zd)/DV (z = 0.106) =
0.336 ± 0.015 from 6-degree Field Galaxy Red-
shift Survey (6dFGRS) data [76], rs(zd)/DV (z =
0.35) = 0.1126±0.0022 from Sloan Digital Sky Sur-
vey Data Release 7 (SDSS DR7) data [77], and fi-
nally rs(zd)/DV (z = 0.57) = 0.0732± 0.0012, from
the SDSS DR9 [78].
4. Cosmic chronometers (CC): The cosmic chronome-
ters are some extremely massive and passively
evolving galaxies in our universe. We employ the
recent cosmic chronometers data comprising 30
measurements of the Hubble parameter in the red-
shift interval 0 < z < 2 [79]. Here, we determine
the Hubble parameter values through the relation
H(z) = − (1/1 + z) dz/dt where the measurement
of dz is obtained through the spectroscopic method
with high accuracy. and the precise measurement
of dt − the differential age evolution of such galax-
ies. As a result, a precise measurement of the Hub-
ble parameter is obtained and thus, these measure-
ments can be taken as model independent for the
cosmological studies. For a detail reading on the
cosmic chronometers we refer to [79].
In order to constrain the interacting scenarios, we use
a fastest cosmological package, namely the Markov chain
Monte carlo package cosmomc [80, 81] equipped with the
Gelman-Rubin statistics R − 1 [82] that determines the
convergence of the chains. Moreover, we note that the
package cosmomc supports the Planck 2015 Likelihood
Code [74] (see http://cosmologist.info/cosmomc/, a
publicly available code). Now, since we consider three
different interacting DE scenarios, therefore, we work
with different parameter spaces during the statistical
analyses. For the interacting vacuum scenario in a spa-
tially flat universe, we work with the following parameter
spaces, namely,
Θ01 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], δ0, δ1
}
,
Θ11 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], δ2
}
,
Θ21 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], δ3
}
,
Θ31 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], δ0, δ1, δ2, δ3
}
,
where Θ01 is eight dimensional; Θ11 and Θ21 are seven di-
mensional each; Θ31 is ten dimensional. When we include
curvature into the above framework as a free parameter,
then one extra dimension is added to each parameter
space Θi1 (i = 0, 1, 2, 3). For the next two interacting
DE scenarios, namely, interacting DE with constant EoS,
wx, in the spatially flat FLRW universe, we work with
5the following parameter spaces
Θ02 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], wx, δ0, δ1
}
,
Θ12 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], wx, δ2
}
,
Θ22 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], wx, δ3
}
,
Θ32 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As], wx, δ0, δ1, δ2, δ3
}
,
where Θ02 is nine dimensional; Θ12 and Θ22 are ten di-
mensional each; Θ32 is eleven dimensional. In a similar
way, when curvature is included into the above frame-
work as a free parameter, then one extra dimension
is added to each parameter space Θi2 (i = 0, 1, 2, 3).
For interacting DE with its dynamical EoS [wx(a) =
w0 + wa(1− a)], the parameter space without curvature
is,
Θ03 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As],
w0, wa, δ0, δ1
}
,
Θ13 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As],
w0, wa, δ2
}
,
Θ23 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As],
w0, wa, δ3
}
,
Θ33 ≡
{
Ωbh
2,Ωch
2, 100θMC , τ, ns, log[10
10As],
w0, wa, δ0, δ1, δ2, δ3
}
,
where Θ03 is ten dimensional; Θ13 and Θ23 are nine di-
mensional each; Θ33 is twelve dimensional. In a similar
way, when curvature is included into the above frame-
work as a free parameter, then one extra dimension is
added to each parameter space Θi3 (i = 0, 1, 2, 3). The
symbols Ωbh
2 and Ωch
2 respectively denote the physi-
cal density of baryons and physical density of cold dark
matter; 100θMC is the ratio of the sound horizon to the
angular diameter distance; τ is the optical depth; ns is
the scalar spectral index; As denotes the amplitude of
the primordial scalar power spectrum; and the other pa-
rameters, namely, δi’s (i = 0, 1, 2, 3), wx, w0, wa are
already described in section II. In the next section IV
we have described the reconstruction technique and the
results on the interacting scenarios. Let us note that for
each analysis, we kept running the chains until we achieve
R − 1 < 0.1. In Table I we show the flat priors imposed
on various free parameters for the statistical analyses.
IV. RESULTS OF THE ANALYSIS
In this section we describe the observational con-
straints that are imposed on different interacting scenar-
ios. In the first half of this section we shall consider the
Parameter Prior
Ωbh
2 [0.005 , 0.1]
Ωch
2 [0.001 , 0.99]
θMC [0.5 , 10]
τ [0.01 , 0.8]
log10(10
10As) [2 , 4]
ns [0.8 , 1.2]
wx (constant) [−2, 0]
w0 [−2 , 0]
wa [−3 , 3]
δ0 [−1, 1]
δ1 [−1, 1]
δ2 [−1, 1]
δ3 [−1, 1]
ΩK0 [−1, 1]
TABLE I: Flat priors on various free parameters of different
interacting scenarios imposed during the statistical analyses.
interaction scenarios in a spatially flat FLRW universe
whilst in the last half of this section we concentrate on
the interaction scenarios in presence of the curvature of
the universe. For all the interacting scenarios we use the
same dataset: CMB + JLA + BAO + CC. It should be
noted that BAO data break the degeneracies between the
parameters and usually the existing degeneracies between
the parameters cannot be broken by CMB alone. Thus,
the inclusion of BAO data to CMB dataset is effective to
understand the nature of the coupling parameters.
A. Reconstruction of the interaction rate in a
spatially flat universe
In this section, we shall describe the reconstruction of
the interacting scenario for three particular types of the
dark energy fluids, namely the vacuum energy, dark en-
ergy fluid with constant equation of state and finally a
dark energy fluid with dynamical equation of state for a
spatially flat universe. For the dynamical state parame-
ter in DE, we choose the most used and well known state
parameter, namely, the CPL parametrization [71, 72].
The combined observational data for every analysis
have been considered to be CMB + JLA + BAO + CC.
1. Interacting vacuum
We have reconstructed this interacting model using
three steps. We first constrained the interacting model
using δ(a) given in eqn (14), that means for δ(a) =
δ0 + δ1(1 − a). The results of this analysis have been
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FIG. 1: 68% and 95% CL contour plots for different combinations of the model parameters as well as the one dimensional
posterior distributions of some selected model parameters of the interacting vacuum scenario (in a spatially flat universe) where
the interaction is parametrized by δ(a) = δ0 + δ1(1− a). The combined data for this analysis has been set to be CMB + JLA
+ BAO + CC. The results are summarized in the second and third columns of Table II.
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the interaction is parametrized by δ(a) = δ0+δ1(1−a)+δ2(1−a)2 in which we fix the mean values of (δ0, δ1) from Table II. The
combined data for this analysis has been set to be CMB + JLA + BAO + CC and the corresponding results are summarized
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the interaction is parametrized by δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3 in which the mean values of (δ0, δ1, δ2) have
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summarized in the second and third column of Table II.
From the analysis, we see that although the mean val-
ues of δ0 and δ1 are nonzero, but both δ0 and δ1 allow
a zero value as one can see δ0 = −0.120+0.151−0.110 (68% CL)
and δ1 = 0.117
+0.107
−0.147 (68% CL). The results show that
the possibility of both interacting and non-interacting
scenarios are allowed within this confidence-region, that
means within 68% CL. For a better view of the behaviour
of the parameters, in Fig. 1, we show the 68% and 95%
CL contour plots and the likelihood analysis for some se-
lected parameters of the model. From Fig. 1, we see
that the parameters δ0 and δ1 have strong negative cor-
relation between each other. Thus, if one of δ0 and δ1
increases, the other one decreases leading to result that
the interaction is hardly effective.
In the next step we extend the parametrization in (14)
to (15) with the allowance of one extra parameter δ2.
To reconstruct this scenario from the observations, we
fix the values of δ0, δ1 to their corresponding mean val-
ues summarized in Table II and constrain the new inter-
action parameter δ2. The results of this analysis have
been summarized in the fourth and fifth column of Ta-
ble II. From Table II one finds that the constraint on δ2
(= −0.000046+0.001303−0.001184 at 68% CL) is extremely tiny and
close to zero. In addition to that, within 68% CL, δ2 is al-
lowed to have a zero value. In summary, we find that the
new interaction parameter, δ2 does not really contribute
much. In Fig. 2 we show the corresponding contour plots
and the one dimensional posterior distributions for some
parameters of this scenario.
After that we consider the parametrization (16) and
repeat the similar analysis. We fix the values of δ0, δ1,
δ2 to their corresponding mean values obtained in the
previous analyses and perform the fittings with the same
set of observational data. We find that the new interac-
tion parameter δ3 is constrained to be extremely small
(δ3 = 0.000050
+0.001247
−0.001197 at 68% CL) and effectively this
does not substantially contribute to δ(a). In a similar
fashion, in Fig. 3 we display different contour plots of
the parameters and the one-dimensional posterior distri-
butions for different parameters for this particular inter-
action scenario. Last but not least an important remark
is in order: In the above reconstruction technique, for the
first step we fix (δ0, δ1) to their corresponding mean val-
ues and obtain δ2 and in the second step we fix (δ0, δ1, δ2)
to their corresponding mean values and obtain δ3. We
note that instead of fixing the interaction parameters,
δi’s (i = 0, 1) to their corresponding mean values, if any
fiducial values of δ0, δ1 are used to constrain δ2, then
the constraint on δ2 may differ significantly. In a similar
fashion, if any fiducial values of δi’s (i = 0, 1, 2) are fixed
to constrain δ3, then its observational constraint may sig-
nificantly different compared to its constrain obtained by
fixing them to their corresponding mean values. We also
note that this phenomenon remains true for the next in-
teraction scenarios.
8A natural question that one asks is, what happens if we
consider the general parametrization of the interaction
function in eqn. (16), i.e., δ(a) = δ0 + δ1(1− a) + δ2(1−
a)2 +δ3(1−a)3, and try to constrain δi’s. The dimension
of the parameters space is big and one apprehends that
the degeneracies of the parameters would increase. Any-
way, we also try this and fit this more general version with
the same observational data CMB + JLA + BAO + CC
and show the observational constraints on the model pa-
rameters in Table III. The contour plots for this analysis
have been shown in Fig. 4. The figure clearly shows that
the parameters δ2 and δ3 are degenerate. That means,
according to the present observational data, this inter-
action scenario with the general parametrization in eqn.
(16) cannot be constrained well. That is the reason we
made an attempt to constrain these parameters step by
step, fixing the lower order parameters to their best fit
values. However, an interesting feature that Fig. 4 ex-
hibits is that although the parameters δ2 and δ3 are found
to be degenerate, δ0 and δ1 are not and they are still
strongly negatively correlated to each other. However,
all the attempts indicate quite strongly that the effec-
tive δ(a) is determined by the first two parameters, that
means, δ(a) ' δ0 + δ1(1 − a). Finally, in the last row of
Table II and Table III we show the χ2 values obtained
for the best-fit values of different reconstructed interact-
ing scenarios. From Table II we observe a decrease of
χ2 as long as the number of free parameters decrease,
however, from Table III we find reduced χ2 in contrary
to what we expected. The reason might be that some
of the parameters are not well constrained in the latter
scenario.
2. Interacting DE with constant EoS other than vacuum
As a second interacting scenario we pick up a constant
EoS in DE, wx. Our treatment is similar to the previous
case, δ(a) given by eqns. (14), (15) and (16).
We begin the analysis with the simplest case when
δ(a) has the form as in eqn. (14). Using the same com-
bined analysis, CMB + JLA + BAO + CC, we constrain
the model parameters that are summarized in Table IV.
From the analysis, we see that δ0 = −0.178+0.128−0.129 at
68% CL (−0.178+0.247−0.260 at 95% CL) and δ1 = 0.175+0.125−0.126
at 68% CL (0.175+0.254−0.242 at 95% CL). Thus, within 68%
CL, the mean values of δ0 and δ1 are non-zero. How-
ever, within 95% CL, their zero values are indeed al-
lowed. From the observational constraints on the EoS
in DE, a phantom scenario is suggested as one can see,
wx = −1.055+0.068−0.062 (68% CL). However, in 68% CL, wx
is allowed its quintessential character as well. In Fig. 5
we have shown the behaviour of the model parameters
through their two-dimensional contour plots. An worth-
while point that one must note is that, here too, the
parameters δ0 and δ1 are strongly negatively correlated.
Now, we proceed with the next step where we take the
second parametrization of δ(a) given in eqn. (15) con-
taining three parameters (δ0, δ1, δ2). We fix the first two
parameters, (δ0, δ1) to their mean values from the pre-
vious analysis and constrain the remaining parameter δ2
in order to reconstruct the scenario. The constraints on
the model parameters have been shown in the fourth and
fifth column of Table IV and in Fig. 6 we show the 68%
and 95% confidence-level contours for various combina-
tions of the model parameters. Our analysis shows that
the new interaction parameter δ2 is extremely tiny with
δ2 = −0.000262+0.001707−0.001665 (68% CL) and within 68% CL,
δ2 = 0 is allowed. The dark energy equation of state
parameter may have both its phantom or quintessential
behaviour (wx = −1.040+0.060−0.059, 68% CL).
After that we consider the next parametrization (16)
having four parameters (δ0, δ1, δ2, δ3) following the same
procedure as in section IV A 1, that means we fix the
first three parameters to their corresponding mean val-
ues summarized in the last two columns of Table IV and
constrain δ3. Fig. 7 shows the corresponding graphical
variations. From the results we find that the parameter
δ3 is not significant in the sense that, it is very small tak-
ing δ3 = 0.000166
+0.001594
−0.001609 (68% CL) which also recovers
its null value in 68% CL. Furthermore, the phantom be-
haviour in the dark energy equation of state is allowed
with wx = −1.052+0.064−0.059 (68% CL) while its quintessen-
tial nature is also allowed in the same confidence-level.
Thus, following the reconstruction mechanism de-
scribed in the three analyses above, it is clear that for
the interacting scenario where dark energy state param-
eter remains constant, the parameters δ2 and δ3 in the
parametrization (16) are insignificant.
We now exercise with the general parametrization in
eqn. (16) and wish to constrain all the four interaction
parameters δi (i = 0, 1, 2, 3) by starting with all of them
as free. The dimension of the parameters space now be-
comes eleven. Thus, some of the parameters might be de-
generate. We constrained this interaction scenario with
the same combined analysis CMB + JLA + BAO + CC.
The Table V shows the constraints on the model param-
eters and in Fig. 8 we show the confidence-level contour
plots for different combinations of the model parameters.
The figure clearly shows that the last two interaction pa-
rameters in the general parametrization (16), i.e., δ2 and
δ3 cannot be constrained well as expected. The parame-
ters δ0 and δ1 are strongly correlated to one another with
negative orientation, that means, although we increase
the dimension of the parameters space, the relation be-
tween these two parameters seems to be unaltered. Fi-
nally, in the last row of Table IV and Table V we present
the χ2 values obtained for the best-fit values of differ-
ent reconstructed interacting scenarios. From Table IV,
looking at the estimated values of χ2, we have a similar
observation to the interacting vacuum scenarios because
9Parameters Mean with errors Best-fit Mean with errors Best-fit Mean with errors Best-fit
Ωch
2 0.1161+0.0041+0.0075−0.0038−0.0074 0.1194 0.1161
+0.0011+0.0024
−0.0013−0.0023 0.1164 0.1162
+0.0011+0.0025
−0.0013−0.0022 0.1164
Ωbh
2 0.02225+0.00018+0.00033−0.00017−0.00034 0.02220 0.02224
+0.00016+0.00031
−0.00015−0.00033 0.02224 0.02225
+0.00017+0.00034
−0.00017−0.00034 0.02224
100θMC 1.0410
+0.00042+0.00086
−0.00043−0.00081 1.04073 1.04102
+0.00030+0.00059
−0.00033−0.00057 1.04108 1.04102
+0.00030+0.00061
−0.00033−0.00058 1.04108
τ 0.084+0.017+0.034−0.017−0.035 0.081 0.082
+0.017+0.032
−0.017−0.033 0.092 0.082
+0.018+0.032
−0.017−0.032 0.092
ns 0.9699
+0.0062+0.0118
−0.0061−0.0117 0.9656 0.9698
+0.0040+0.0076
−0.0040−0.0077 0.9714 0.9697
+0.0041+0.0078
−0.0041−0.0080 0.9714
ln(1010As) 3.099
+0.034+0.066
−0.033−0.068 3.097 3.096
+0.032+0.062
−0.032−0.065 3.113 3.097
+0.032+0.062
−0.033−0.064 3.113
δ0 −0.120+0.151+0.237−0.110−0.247 −0.014 − − − −
δ1 0.117
+0.107+0.241
−0.147−0.231 0.014 − − − −
δ2 × × −0.000046+0.001303+0.002338−0.001184−0.002420 0.000555 − −
δ3 × × × × 0.000050+0.001247+0.002400−0.001197−0.002429 0.000555
Ωm0 0.307
+0.012+0.025
−0.014−0.023 0.316 0.307
+0.008+0.019
−0.010−0.018 0.310 0.308
+0.009+0.019
−0.010−0.019 0.310
σ8 0.825
+0.016+0.031
−0.016−0.030 0.828 0.825
+0.015+0.031
−0.015−0.029 0.828 0.824
+0.015+0.030
−0.015−0.029 0.827931
H0 67.27
+0.78+1.51
−0.79−1.51 67.06 67.28
+0.73+1.47
−0.69−1.47 66.98 67.24
+0.74+1.44
−0.72−1.48 66.98
χ2 13677.670 13675.826 13675.826
TABLE II: Reconstruction of the interacting vacuum energy scenario for the spatially flat FLRW universe using the observational
data CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding parameter has not been considered into
the analyses while the sign ‘−’ present against any parameter means its mean value has been fixed for the subsequent analyses.
Parameters Mean with errors Best fit
Ωch
2 0.1156+0.0036+0.0080−0.0040−0.0080 0.1176
Ωbh
2 0.02223+0.00017+0.00034−0.00017−0.00032 0.02218
100θMC 1.04106
+0.00045+0.00085
−0.00044−0.00092 1.04092700
τ 0.083+0.017+0.034−0.017−0.033 0.06773746
ns 0.9705
+0.0064+0.0115
−0.0057−0.0120 0.9670
ln(1010As) 3.098
+0.034+0.067
−0.033−0.065 3.074
δ0 −0.142+0.120+0.270−0.133−0.274 −0.039
δ1 0.139
+0.130+0.268
−0.116−0.264 0.038
δ2 0.147
+0.732+0.853
−0.305−1.147 0.563
δ3 0.029
+0.639+0.971
−0.631−1.029 0.622
Ωm0 0.307
+0.011+0.026
−0.014−0.025 0.305
σ8 0.824
+0.016+0.032
−0.016−0.032 0.824
H0 67.23
+0.77+1.52
−0.79−1.53 67.81
χ2 13675.468
TABLE III: Reconstruction of the interacting vacuum sce-
nario for the spatially flat FLRW universe and for the general
parametrization δ(a) = δ0+δ1(1−a)+δ2(1−a)2+δ3(1−a)3,
using the combined analysis CMB + JLA + BAO + CC.
as we notice from Table IV, as long as the free parame-
ters decrease in the parameter space, the χ2 values de-
crease, however, for the general case (Table V) as already
commented earlier, since still some of the parameters are
unconstrained, thus, no definite conclusion regarding the
comparison of χ2 between Table IV and Table V cannot
be drawn.
3. Interacting DE with dynamical EoS
We now consider the interacting scenario between
dark matter and dark energy where the dark energy
has a dynamical equation of state. We choose a very
widely used dynamical parametrization for DE namely
the Chevallier–Polarski–Linder (CPL) parametrization
[71, 72] given in eqn. (17). One may notice that the
inclusion of CPL parametrization increases the parame-
ters space compared to the other two interacting scenar-
ios. However, the procedure is exactly same as that we
adopted in the previous two analyses.
We first consider the parametrization of δ(a) = δ0 +
δ1(1 − a) of eqn. (14) and work out the observational
fittings with the same combined analysis. Table VI sum-
marizes the mean and the best-fit values of the free and
derived parameters of this model (see the second and
third column respectively of Table VI). From Table VI
we see that the mean values of both δ0, δ1 are nonzero
and within 68% CL, they are strictly nonzero. However,
within 95% CL, both of them allow their zero values.
Looking at the current value of the dark energy state pa-
rameter, w0, a perfect quintessential scenario is observed
(w0 = −0.892+0.151−0.152 at 68% CL) while however, within
68% CL,−1.044 < w0 < −0.741, implying that the phan-
tom scenario is also equally allowed. Fig. 9 reflects the
corresponding graphical variations for this scenario. Sim-
ilar to the previous two interaction scenarios, we again
observe that the parameters δ0 and δ1 are strongly corre-
lated to each other in the negative orientation, and they
together yield an insignificantly small value for δ.
As a second step, we consider the next parametrization
(15) in this series having three free parameters δ0, δ1 and
δ2. We apply the same procedure, fix the parameters δ0,
δ1 to their corresponding mean values and constrain the
interaction scenario to constrain the parameter δ2. The
results of the analysis have been summarized in Table VI
(fourth and fifth columns) and in Fig. 10 we show the
corresponding graphical variations. We find that even
if we allow the dark energy state parameter to be dy-
namical, but the interaction parameter δ2 is very small,
δ2 = −0.000273+0.001934−0.001874 (68% CL) and the zero value of
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FIG. 4: 68% and 95% CL contour plots for different combinations of the free parameters as well as the one dimensional posterior
distributions of some selected model parameters of the interacting vacuum scenario (in a spatially flat FLRW universe) where
the interaction is parametrized by the most general parametrization δ(a) = δ0+δ1(1−a)+δ2(1−a)2+δ3(1−a)3. The interaction
parameters δi’s are kept free and we use the combined analysis CMB + JLA + BAO + CC. The results are summarized in
Table III. One can clearly notice that the parameters δ2 and δ3 are degenerate while other parameters are not.
Parameters Mean with errors Best fit Mean with errors Best fit Mean with errors Best fit
Ωch
2 0.1158+0.0038+0.0075−0.0038−0.0074 0.1157 0.1155
+0.0019+0.0037
−0.0019−0.0038 0.1140 0.1157
+0.0018+0.0036
−0.0019−0.0037 0.1157
Ωbh
2 0.02224+0.00017+0.00032−0.00017−0.00033 0.02212 0.02223
+0.00017+0.00034
−0.00018−0.00033 0.02226 0.02224
+0.00016+0.00032
−0.00016−0.00032 0.02235
100θMC 1.04105
+0.00044+0.00085
−0.00042−0.00083 1.04118 1.04109
+0.00033+0.00064
−0.00033−0.00063 1.04142 1.04108
+0.00032+0.00065
−0.00032−0.00064 1.04137
τ 0.083+0.016+0.034−0.018−0.033 0.080 0.083
+0.017+0.034
−0.017−0.033 0.096 0.082
+0.017+0.032
−0.016−0.033 0.087
ns 0.9701
+0.0059+0.0121
−0.0059−0.0115 0.9687 0.9705
+0.0045+0.0089
−0.0046−0.0087 0.9789 0.9699
+0.0043+0.0087
−0.0043−0.0084 0.9725
ln(1010As) 3.097
+0.033+0.066
−0.033−0.064 3.097 3.098
+0.032+0.066
−0.033−0.065 3.119 3.097
+0.032+0.063
−0.032−0.064 3.108
δ0 −0.178+0.128+0.247−0.129−0.260 −0.172 − − − −
δ1 0.175
+0.125+0.254
−0.126−0.242 0.168 − − − −
δ2 × × −0.00026+0.00171+0.00335−0.00167−0.00332 −0.00080 − −
δ3 × × × × 0.00017+0.00159+0.00311−0.00161−0.00320 0.00027
wx −1.055+0.068+0.121−0.062−0.130 −1.080 −1.040+0.060+0.119−0.059−0.117 −1.011 −1.052+0.064+0.115−0.059−0.122 −1.060
Ωm0 0.302
+0.012+0.027
−0.014−0.024 0.291 0.302
+0.010+0.020
−0.011−0.019 0.298 0.301
+0.009+0.020
−0.010−0.019 0.297
σ8 0.830
+0.017+0.036
−0.018−0.034 0.846 0.829
+0.017+0.035
−0.019−0.033 0.833 0.831
+0.017+0.033
−0.017−0.032 0.837
H0 67.83
+1.03+1.99
−1.05−1.96 68.95 67.67
+1.04+2.09
−1.02−2.02 67.82 67.84
+1.02+2.03
−1.02−1.97 68.29
χ2 13676.524 13676.058 13676.224
TABLE IV: Reconstruction of the interacting DE scenario with constant equation of state of DE, wx, for the spatially flat
FLRW universe using the observational data CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding
parameter has not been considered into the analyses while the sign ‘−’ present against any parameter means its mean value
has been fixed for the subsequent analyses.
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FIG. 5: 68% and 95% CL contour plots for different combinations of the model parameters as well as the one dimensional
posterior distributions of some selected model parameters of the interacting DE scenario (for spatially flat case) with constant
DE state parameter wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1−a) and the combined observational analysis
is CMB + JLA + BAO + CC. The results are summarized in the second and third columns of Table IV.
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FIG. 6: 68% and 95% CL contour plots for different combinations of the model parameters as well as the one dimensional
posterior distributions of some selected model parameters of the interacting DE scenario (spatially flat case) with constant DE
state parameter wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1−a) + δ2(1−a)2 in which we fix the mean values
of (δ0, δ1) from Table IV. The combined observational analysis is CMB + JLA + BAO + CC. The results are summarized in
the fourth and fifth columns of Table IV.
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FIG. 7: 68% and 95% CL contour plots for different combinations of the model parameters as well as the one dimensional
posterior distributions of some selected model parameters of the interacting DE scenario (spatially flat case) with constant DE
state parameter wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3 in which we fix the
mean values of (δ0, δ1, δ2) from Table IV. The combined observational analysis is CMB + JLA + BAO + CC and the results
are summarized in the last two columns of Table IV.
Parameters Mean with errors Best fit
Ωch
2 0.1161+0.0041+0.0073−0.0039−0.0076 0.1136
Ωbh
2 0.02225+0.00017+0.00034−0.00017−0.00034 0.02206
100θMC 1.04103
+0.00041+0.00090
−0.00048−0.00081 1.04126
τ 0.081+0.017+0.035−0.018−0.033 0.072
ns 0.9696
+0.0059+0.0118
−0.0065−0.0113 0.9693
ln(1010As) 3.095
+0.032+0.067
−0.036−0.065 3.080
wx −1.055+0.067+0.127−0.065−0.130 −1.051
δ0 −0.168+0.133+0.274−0.133−0.264 −0.288
δ1 0.165
+0.131+0.258
−0.130−0.268 0.283
δ2 0.082
+0.559+0.918
−0.503−1.082 0.441
δ3 0.010
+0.990+0.990
−0.263−1.010 −0.639
Ωm0 0.303
+0.012+0.028
−0.016−0.027 0.303
σ8 0.830
+0.017+0.033
−0.017−0.033 0.817
H0 67.80
+1.07+2.06
−1.05−2.13 67.09
χ2 13674.762
TABLE V: Reconstruction of the interacting DE scenario with
constant equation of state of DE, wx, for the spatially flat
FLRW universe and for the general parametrization δ(a) =
δ0 + δ1(1 − a) + δ2(1 − a)2 + δ3(1 − a)3, using the combined
analysis CMB + JLA + BAO + CC.
δ2 is allowed in this CL. The dark energy state parameter
(the mean and best-fit values) shows its quintessential be-
haviour although within 68% CL, the phantom crossing
is allowed.
Now we do the analysis with the last parametriza-
tion of δ(a) as in equation (16) where we fix the inter-
action parameters δ0, δ1, δ2 from their previous analy-
ses and constrain δ3 using the same observational data.
The observational constraints have been summarized in
the last two columns of Table VI where we find that
δ3 = 0.000207
+0.001854
−0.001865 at 68% CL and one can see
that within this CL, δ3 = 0 is possible. The current
value of the dark energy state parameter is found to be
w0 = −0.905+0.142−0.157 (68% CL) which shows its quintessen-
tial character but phantom nature is still allowed. The
allowance of the phantom state parameter in dark energy
is further supported from its best fit value which crosses
the phantom boundary. One may see Fig. 11 for the
graphical variations of this scenario.
Similar to the previous two interaction models, we con-
strain the scenario for the general parametrization of eqn.
(16) taking all the interaction parameters δi’s to be free.
The dimension of the parameters space for this interac-
tion scenario is twelve which is double of the dimension
of the parameters space for the non-interacting ΛCDM
model. We employ the same combined analysis and show
the results of the free parameters in Table VII. And in
Fig. 12 we also show the contour plots for different com-
binations of the free parameters. From the Fig. 12, one
can clearly see that in a similar fashion, the parameters
δ2, δ3 are degenerate, at least with the present astronom-
ical data. Finally, we comment on the χ2 values that we
obtain for the best-fit values for this particular scenario.
In Tables VI and VII, we have shown the values χ2 for
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FIG. 8: 68% and 95% CL contour plots for different combinations of the model parameters as well as the one dimensional
posterior distributions of some selected parameters of the interacting DE scenario (spatially flat case) with constant EoS in
DE, wx, for the most general parametrization δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3 where the interaction parameters
δi’s are kept free. The analysis is CMB + JLA + BAO + CC and the results are summarized in Table V. One can clearly
notice that the parameters δ2 and δ3 are degenerate similar to the interaction vacuum scenario.
different reconstructed scenario. As already commented,
we are not bothered about the χ2 value for the general
scenario corresponding to the results in Table VII since
some of the parameters are not constrained, so we are
inclined towards the χ2 values shown in Table VI. From
this table we find that the results are not similar to what
we find in the cases with interacting vacuum and inter-
acting DE with wx 6= −1. The dynamical character in
wx(a) works differently in this case, as we observe.
B. Reconstruction of the interaction rate in the
nonflat universe
For the three particular type of the dark energy fluids,
we now consider a universe with a nonzero spatial cur-
vature. The model parameters are estimated against the
same four observational dataset CMB + JLA + BAO +
CC.
1. Interacting vacuum
In the beginning we consider that the interaction pa-
rameter δ(a) is characterized by its Taylor series expan-
sion (14) with two free parameters δ0 and δ1. We con-
strained this scenario with the same observational data
and present the results in the second and third column
of Table VIII. From the estimations of δ0 and δ1, namely,
δ0 = −0.135+0.161−0.177 (68% CL) and δ1 = 0.132+0.174−0.158 (68%
CL), one can see that the mean values of δ0 and δ1 are
nonzero, but, (δ0, δ1) = (0, 0) are allowed by the data
within 68% CL, which means that according to the ob-
servational data, the model hardly distinguishes between
an interacting and non-interacting scenario. We also es-
timated the curvature of the universe, ΩK = −K/(aH)2,
at present time, i.e., ΩK0, for this interaction scenario.
From Table VIII, we find that, ΩK0 = −0.00016+0.00549−0.00585
at 68% CL (i.e., −0.00601 < ΩK0 < 0.00533), that
means, statistically, all the possibilities of the universe
(open, flat, closed) are almost equally allowed. In Fig.
13 we have clearly displayed the graphical variations for
this interaction scenario. We now point out one of the
interesting observations from Fig. 13. From this figure,
one can see that the parameters (δ0, δ1) are (strongly-)
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FIG. 9: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (spatially flat
case) with dynamical DE state parameter wx(a) = w0+wa(1−a), where the interaction is parametrized by δ(a) = δ0+δ1(1−a)
and the combined observational analysis is CMB + JLA + BAO + CC. The results of this analysis are shown in the second
and third columns of Table VI.
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FIG. 10: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (spatially
flat case) with dynamical DE state parameter wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1 − a) + δ2(1 − a)2 and the mean values of (δ0, δ1) are fixed from Table VI. The combined observational analysis is
taken to be as usual CMB + JLA + BAO + CC and the results of this analysis are shown in the fourth and fifth columns of
Table VI.
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FIG. 11: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (spatially
flat case) with dynamical DE state parameter wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1 − a) + δ2(1 − a)2 + δ3(1 − a)3 and the parameters (δ0, δ1, δ2) are fixed at their mean values from Table VI. The
combined observational analysis is CMB + JLA + BAO + CC and the results of this analysis are shown in the last two columns
of Table VI.
Parameters Mean with errors Best fit Mean with errors Best fit Mean with errors Best fit
Ωch
2 0.1160+0.0038+0.0073−0.0038−0.0075 0.1193 0.1157
+0.0022+0.0041
−0.0022−0.0042 0.1164 0.1160
+0.0022+0.0040
−0.0021−0.0041 0.1154
Ωbh
2 0.02225+0.00017+0.00034−0.00017−0.00033 0.02244 0.02224
+0.00017+0.00036
−0.00017−0.00034 0.02233 0.02225
+0.00017+0.00034
−0.00017−0.00034 0.02219
100θMC 1.04104
+0.00042+0.00085
−0.00042−0.00084 1.04091 1.04104
+0.00034+0.00063
−0.00033−0.00067 1.04082 1.04102
+0.00035+0.00066
−0.00035−0.00068 1.04113
τ 0.080+0.017+0.034−0.017−0.034 0.057 0.079
+0.016+0.032
−0.017−0.032 0.062 0.078
+0.017+0.034
−0.017−0.032 0.076
ns 0.9695
+0.0061+0.0122
−0.0061−0.0115 0.9682 0.9697
+0.0047+0.0093
−0.0047−0.0091 0.9707 0.9693
+0.0046+0.0093
−0.0046−0.0091 0.9710
ln(1010As) 3.092
+0.033+0.066
−0.034−0.065 3.047 3.090
+0.032+0.064
−0.032−0.063 3.058 3.089
+0.032+0.065
−0.035−0.063 3.083
δ0 −0.249+0.134+0.273−0.141−0.270 −0.193 − − − −
δ1 0.246
+0.147+0.264
−0.131−0.268 0.194 − − − −
δ2 × × −0.000273+0.001934+0.003600−0.001874−0.003698 0.000609 − −
δ3 × × × × 0.000207+0.001854+0.003487−0.001865−0.003653 −0.000995
w0 −0.892+0.151+0.297−0.152−0.293 −0.907 −0.926+0.132+0.295−0.156−0.272 −0.942 −0.905+0.142+0.294−0.157−0.280 −1.112
wa −0.562+0.594+0.897−0.380−1.023 −0.727 −0.450+0.517+0.736−0.282−0.906 −0.379 −0.526+0.542+0.797−0.333−0.900 0.092
Ωm0 0.303
+0.013+0.027
−0.013−0.025 0.303 0.301
+0.011+0.021
−0.012−0.020 0.309 0.303
+0.011+0.021
−0.011−0.021 0.304
σ8 0.821
+0.017+0.037
−0.019−0.034 0.809 0.823
+0.018+0.035
−0.018−0.033 0.804 0.822
+0.017+0.036
−0.019−0.033 0.829
H0 67.68
+0.97+2.03
−1.08−1.93 68.52 67.83
+1.02+2.01
−1.03−1.96 67.18 67.78
+0.99+2.07
−1.09−1.93 67.46
χ2 13674.426 13676.256 13675.758
TABLE VI: Reconstruction of the dark matter-dark energy interaction scenario in a spatially flat universe where dark energy
assumes the dynamical state parameter, namely, the CPL parametrization, wx(a) = w0+wa(1−a). The combined observational
data for all the analyses are, CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding parameter has not
been considered into the analyses while the sign ‘−’ present against any parameter means its mean value has been fixed for the
subsequent analyses.
negatively correlated to each other, very similar to the
interacting scenarios without the presence of curvature.
So, one can realize that the presence of curvature cannot
alter the behaviour of these two parameters.
We now consider the extended parametrization of δ(a)
given in eqn. (15) that includes one more free param-
eter δ2. We fix the values of (δ0, δ1) to their corre-
sponding mean values obtained from the analysis with
eqn. (14) and constrain the model with one parameter
left, i.e., δ2. The observational summary has been given
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FIG. 12: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (spatially
flat case) with dynamical DE state parameter wx(a) = w0 +wa(1− a), for the most general parametrization δ(a) = δ0 + δ1(1−
a) + δ2(1− a)2 + δ3(1− a)3 where the interaction parameters δi’s are kept free. The combined analysis is CMB + JLA + BAO
+ CC and the results are summarized in Table VII. One can clearly notice that the parameters δ2 and δ3 are degenerate similar
to the interaction vacuum scenario.
Parameters Mean with errors Best fit
Ωch
2 0.1162+0.0039+0.0072−0.0038−0.0077 0.1203
Ωbh
2 0.02225+0.00016+0.00032−0.00016−0.00031 0.02227
100θMC 1.04102
+0.00043+0.00087
−0.00043−0.00086 1.04058
τ 0.080+0.017+0.032−0.017−0.032 0.067
ns 0.9694
+0.0059+0.0125
−0.0066−0.0115 0.9652
ln(1010As) 3.092
+0.033+0.063
−0.033−0.063 3.070
w0 −0.930+0.128+0.297−0.165−0.266 −1.053
wa −0.402+0.540+0.837−0.366−0.933 −0.198
δ0 −0.214+0.163+0.268−0.146−0.281 −0.097
δ1 0.211
+0.144+0.275
−0.160−0.262 0.098
δ2 0.061
+0.9395+0.940
−0.250−1.061 0.047
δ3 −0.081+0.347+1.081−0.802−0.919 −0.347
Ωm0 0.304
+0.013+0.026
−0.013−0.026 0.306
σ8 0.823
+0.019+0.037
−0.019−0.036 0.829
H0 67.69
+1.04+2.07
−1.03−1.99 68.45
χ2 13675.162
TABLE VII: Reconstruction of the interacting DE scenario
with its dynamical EoS for the spatially flat FLRW universe
and for the general parametrization δ(a) = δ0 + δ1(1 − a) +
δ2(1− a)2 + δ3(1− a)3, using the combined analysis CMB +
JLA + BAO + CC.
in the fourth and fifth columns of Table VIII. Fig. 14
displays the corresponding graphical variations for this
model. From the analysis, we see that, δ2 is very very
small (δ2 = −0.000066+0.002264−0.002243 at 68% CL) and within
68% CL, δ2 = 0 is allowed. From the estimation of the
curvature scalar, we find that ΩK0 is sufficiently small,
ΩK0 = −0.00032+0.00390−0.00424 (at 68% CL), but higher than
the radiation density at present (O(10−4)). Since ΩK0 is
found to allow both positive and negative values includ-
ing ΩK0 = 0, thus, all the possibilities of the universe
(open, flat and closed) are statistically allowed.
We discuss the last parametrization of δ(a) in eqn. (16)
and fix the parameters δi’s (i = 0, 1, 2) to their estimated
mean values, see Table VIII and wish to constrain the re-
maining free interaction parameter δ3. The results of the
analysis have been summarized in the last two columns
of Table VIII and in Fig. 15 we present the graphical
behaviour of the free parameters of the model. From the
analysis one can see that the interaction parameter δ3 is
very small with δ3 = −0.000041+0.002268−0.002167 (68% CL) where
δ3 = 0 is also allowed. The curvature parameter is con-
strained to be, ΩK0 = −0.00024+0.00412−0.00404 (68% CL). Thus,
we see that curvature density parameter is higher than
that of the radiation density at present (O(10−4)) and
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FIG. 13: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting vacuum scenario
(nonflat case) where the interaction is parametrized by δ(a) = δ0 + δ1(1 − a). The combined data for this analysis have been
set to be CMB + JLA + BAO + CC and the results are displayed in the second and third columns of Table VIII.
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FIG. 14: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting vacuum scenario
(nonflat case) where the interaction is parametrized by δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 in which we fix the values of (δ0, δ1)
from Table VIII but left δ2 as a free parameter. The combined observational dataset we fix to be CMB + JLA + BAO + CC
and the results are displayed in the fourth and fifth columns of Table VIII.
18
64.5 66.0 67.5 69.0
H0
−0.016
0
Ω
K
0
0.27
0.3
0.33
Ω
m
0
0.78
0.81
0.84
0.87
σ
8
0.008 0.000 0.008
δ3
64.5
66
67.5
69
H
0
0.016 0.000
ΩK0
0.27 0.30 0.33
Ωm0
0.78 0.81 0.84 0.87
σ8
FIG. 15: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting vacuum scenario
(nonflat case) where the interaction is parametrized by δ(a) = δ0 + δ1(1−a) + δ2(1−a)2 + δ3(1−a)3 in which we fix the values
of (δ0, δ1, δ2) from the previous analysis (Table VIII) but left δ3 as a free parameter. The combined observational data we set
to be CMB + JLA + BAO + CC and the results are shown in the last two columns of Table VIII.
follows similar conclusion as found in the previous cases.
We now consider the general parametrization for δ(a)
given in equation (16) and constrain the interaction
model using the same datasets. See Table IX and Fig.
16 for summary. Including the expected degeneracies in
the values of δ2 and δ3, all conclusions remain the same.
Concerning the χ2 values (shown in Tables VIII and IX),
we have similar observation as already discussed in sec-
tion IV A 1.
2. Interacting DE with constant EoS other than vacuum
We now focus on the observational constraints on the
interacting scenario when the universe has a nonzero cur-
vature and the dark energy has a constant state param-
eter wx.
We start with the parametrization δ(a) = δ0+δ1(1−a)
of eqn. (14) and constrain all the model parameters
with the combined observational data that we have al-
ready mentioned. The summary of the observational
constraints has been given in the second and third col-
umn of the Table X and the graphical behaviour between
various parameters have been shown in Fig. 17. From
the analysis we see that both δ0 and δ1 predict nonzero
mean values. More specifically, the estimated values are
as follows: δ0 = 0.134
+0.175
−0.208 at 68% CL (0.134
+0.359
−0.352 at
95% CL), δ1 = 0.134
+0.175
−0.208 at 68% CL (0.1342
+0.359
−0.352 at
95% CL). However, one can clearly notice that within
68% CL, δ0 = 0 and δ1 = 0 are also allowed by the
data. Regarding the dark energy state parameter, we see
that, wx = −1.046+0.070−0.058 (68% CL) which also includes
its quintessential nature and it is close to the cosmologi-
cal constant boundary. Furthermore, from the curvature
parameter, ΩK0 = −0.00053+0.00557−0.00534 (at 68% CL) one
may see that since its error bars are bigger compared to
its mean value, thus, the possibilities of open, closed and
flat universe are all allowed. About the nature of the
parameters δ0 and δ1, we have exactly similar conclusion
(see Fig. 17) as mentioned in other interacting scenarios.
We now consider the second parametrization, i.e., eqn.
(15) and fix the first two free parameters δ0 and δ1 to
their corresponding mean values obtained from the pre-
vious analysis (column second of Table X) and constrain
the scenario. The reuslts are shown in the fourth and
fifth columns of Table X and in Fig. 18 we present the
corresponding graphics. From the results, we find the pa-
rameter δ2 is very small taking δ2 = −0.000249+0.002384−0.002470
(68% CL) and hence no effective contribution to δ(a) as
in the previous cases. The dark energy state parame-
ter exhibits its phantom character, wx = −1.043+0.069−0.063
(68% CL). Although from the estimation of wx, we find
its quintessential character is not ruled out either. As for
the contribution of the spatial curvature, we have exactly
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FIG. 16: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting vacuum scenario (nonflat
case) using the most general parametrization δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3. The combined observational data
we set to be CMB + JLA + BAO + CC and the results of the analysis are shown in Table IX.
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FIG. 17: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with constant state parameter in DE, wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1− a). The combined
data for this analysis have been set to be CMB + JLA + BAO + CC and the results are shown in the second and third columns
of Table X.
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FIG. 18: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with constant state parameter in DE, wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1 − a) + δ2(1 − a)2,
and in which we fix the first two parameters (δ0, δ1) at their mean values from Table X. The combined data for this analysis
have been set to be CMB + JLA + BAO + CC and the results are shown in the fourth and fifth columns of Table X.
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FIG. 19: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with constant state parameter in DE, wx, where the interaction is parametrized by δ(a) = δ0 + δ1(1− a) + δ2(1− a)2 +
δ3(1 − a)3, in which we fix the first three parameters (δ0, δ1, δ2) from the previous analyses shown in Table X. The combined
data for this analysis have been set to be CMB + JLA + BAO + CC and the results are shown in the last two columns of
Table X.
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Parameters Mean with errors Best fit Mean with errors Best fit Mean with errors Best fit
Ωch
2 0.1156+0.0035+0.0077−0.0041−0.0070 0.1160 0.1155
+0.0029+0.0058
−0.0028−0.0056 0.1163 0.1154
+0.0028+0.0055
−0.0028−0.0057 0.1149
Ωbh
2 0.02224+0.00016+0.00035−0.00017−0.00033 0.02225 0.02224
+0.00016+0.00033
−0.00016−0.00031 0.02223 0.02224
+0.00017+0.00033
−0.00017−0.00034 0.02240
100θMC 1.04106
+0.00043+0.00085
−0.00042−0.00086 1.04115 1.04107
+0.00039+0.00074
−0.00039−0.00077 1.04087 1.04107
+0.00038+0.00078
−0.00039−0.00073 1.04129
τ 0.083+0.017+0.035−0.017−0.034 0.075 0.083
+0.017+0.033
−0.017−0.033 0.088 0.083
+0.016+0.031
−0.016−0.031 0.093
ns 0.9709
+0.0060+0.0114
−0.0060−0.0120 0.9710 0.9706
+0.0055+0.0111
−0.0060−0.0108 0.9689 0.9710
+0.0054+0.0110
−0.0061−0.0109 0.9742
ln(1010As) 3.098
+0.034+0.068
−0.033−0.066 3.081 3.099
+0.033+0.064
−0.034−0.064 3.108 3.098
+0.032+0.060
−0.031−0.060 3.121
δ0 −0.135+0.161+0.349−0.177−0.326 −0.066 − − − −
δ1 0.132
+0.174+0.322
−0.158−0.345 0.063 − − − −
δ2 × × −0.000066+0.002264+0.004479−0.002243−0.004542 0.000585 − −
δ3 × × × × −0.000041+0.002268+0.004200−0.002167−0.004485 −0.000739
ΩK0 −0.00016+0.00549+0.01107−0.00585−0.01068 −0.00182 −0.00032+0.00390+0.00820−0.00424−0.00807 0.00077 −0.00024+0.00412+0.00791−0.00404−0.00829 −0.00305
Ωm0 0.307
+0.012+0.026
−0.014−0.024 0.303 0.307
+0.010+0.021
−0.010−0.020 0.309 0.306
+0.010+0.019
−0.010−0.019 0.311
σ8 0.825
+0.020+0.040
−0.020−0.039 0.830 0.825
+0.017+0.035
−0.018−0.034 0.826 0.825
+0.017+0.033
−0.016−0.033 0.838
H0 67.23
+0.85+1.67
−0.85−1.69 67.66 67.21
+0.82+1.64
−0.88−1.66 67.16 67.30
+0.82+1.59
−0.80−1.52 66.64
χ2 13676.08 13673.516 13675.156
TABLE VIII: Reconstruction of the dark matter-dark energy interaction scenario for the interacting vacuum universe in the
nonflat universe using the combined analysis CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding
parameter has not been considered into the analyses while the sign ‘−’ present against any parameter means its mean value
has been fixed for the subsequent analyses.
Parameters Mean with errors Best fit
Ωch
2 0.1151+0.0036+0.0073−0.0037−0.0073 0.1114
Ωbh
2 0.02224+0.00017+0.00033−0.00016−0.00032 0.02215
100θMC 1.04109
+0.00041+0.00082
−0.00041−0.00082 1.04135
τ 0.084+0.017+0.034−0.017−0.034 0.100
ns 0.9713
+0.0059+0.0118
−0.0059−0.0119 0.9740
ln(1010As) 3.098
+0.034+0.066
−0.034−0.067 3.130
δ0 −0.163+0.177+0.334−0.177−0.345 −0.380
δ1 0.160
+0.176+0.341
−0.175−0.331 0.371
δ2 −0.042+1.042+1.042−0.958−0.958 −0.016
δ3 0.040
+0.960+0.960
−1.040−1.040 0.888
ΩK0 0.00036
+0.00612+0.01168
−0.00573−0.01187 0.0050
Ωm0 0.305
+0.013+0.026
−0.013−0.024 0.288
σ8 0.822
+0.021+0.044
−0.022−0.041 0.831
H0 67.24
+0.86+1.69
−0.86−1.69 68.28
χ2 13673.582
TABLE IX: Reconstruction of the dark matter-dark energy
interaction scenario for the interacting vacuum universe for
the nonflat universe using the general parametrization δ(a) =
δ0+δ1(1−a)+δ2(1−a)2+δ3(1−a)3. The combined analysis
has been set to be CMB + JLA + BAO + CC.
similar conclusion as in the earlier sections.
After this we take the last parametrization of this se-
ries, i.e., equation (16) where similar to the previous
cases, we fix the first three parameters δ0, δ1 and δ2
and constrain δ3. The results are summarized in the last
two columns of Table XI and the corresponding graphical
variations are shown in Fig. 19. We found that δ3 is very
small and the dark energy state parameter wx, represents
a universe where both a phantom or a quintessence be-
haviour is allowed since wx = −1.045+0.067−0.061 (68% CL).
Finally, we find that |ΩK0| is higher in this case com-
pared to previous two analyses with equations (15) and
(14).
Now, as usual, we constrain this interacting scenario
for the parametrization δ(a) = δ0+δ1(1−a)+δ2(1−a)2+
δ3(1 − a)3 where all the interaction parameters δi’s are
kept free. The results of the analysis have been presented
in Table XI and the corresponding graphical variations
are displayed in Fig. 20. From this figure, one can clearly
see that although δi’s for i = 2, 3 are not well constrained
by the present data, but, the behaviour of δ0 and δ1 are
again not altered as significantly. Finally, in Table X
and Table XI, we have shown the χ2 values for the best-
fit values obtained using the combined analysis. We have
similar comment already notified in section IV A 2.
3. Interacting DE with dynamical EoS
Finally, we discuss the interacting model in the nonflat
FLRW universe when the dark energy equation of state is
dynamical, given by the CPL parametrization, eqn. (17).
We begin with the first parametrization δ(a) = δ0 +
δ1(1− a) of eqn. (14). The observational constraints on
the model are shown in the second and third columns
of Table XII. In Fig. 22 we present the corresponding
graphical analysis. Our analysis reveals as usual that
the mean values of both δ0 and δ1 are non-null but
within 68% CL, both of them allow zero values. The
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Parameters Mean with errors Best fit Mean with errors Best fit Mean with errors Best fit
Ωch
2 0.1164+0.0039+0.0074−0.0038−0.0076 0.1195 0.1162
+0.0030+0.0063
−0.0032−0.0064 0.1207 0.1160
+0.0032+0.0065
−0.0036−0.0061 0.1126
Ωbh
2 0.02226+0.00017+0.00032−0.00017−0.00033 0.02238 0.02226
+0.00016+0.00032
−0.00016−0.00033 0.02219 0.02225
+0.00015+0.00031
−0.00015−0.00031 0.02220
100θMC 1.04101
+0.00044+0.00087
−0.00043−0.00088 1.04067 1.04104
+0.00039+0.00076
−0.00039−0.00078 1.04087 1.04101
+0.00043+0.00077
−0.00038−0.00082 1.04111
τ 0.082+0.018+0.034−0.018−0.035 0.070 0.082
+0.017+0.035
−0.018−0.033 0.079 0.081
+0.017+0.031
−0.017−0.033 0.084
ns 0.9697
+0.0063+0.0126
−0.0063−0.0117 0.9658 0.9698
+0.0058+0.0111
−0.0058−0.0111 0.9645 0.9698
+0.0059+0.0112
−0.0058−0.0113 0.9747
ln(1010As) 3.096
+0.035+0.069
−0.035−0.070 3.066 3.095
+0.034+0.067
−0.033−0.066 3.099 3.095
+0.033+0.063
−0.034−0.065 3.103
δ0 −0.137+0.197+0.357−0.184−0.364 −0.042 − − − −
δ1 0.134
+0.175+0.359
−0.208−0.352 0.043 − − − −
δ2 × × −0.000249+0.002384+0.004100−0.002470−0.004740 0.003250 − −
δ3 × × × × −0.000361+0.002445+0.005239−0.002509−0.004806 −0.002758
wx −1.046+0.070+0.118−0.058−0.134 −1.092 −1.043+0.069+0.122−0.063−0.128 −1.048 −1.045+0.067+0.119−0.061−0.117 −1.072
ΩK0 −0.00053+0.00557+0.01106−0.00534−0.01108 −0.00144 −0.00075+0.00393+0.00910−0.00441−0.00821 0.00498 −0.00101+0.00452+0.00980−0.00454−0.00927 −0.00656
Ωm0 0.305
+0.013+0.028
−0.015−0.026 0.306 0.304
+0.010+0.022
−0.012−0.020 0.314 0.303
+0.010+0.022
−0.012−0.021 0.294
σ8 0.831
+0.021+0.044
−0.023−0.042 0.829 0.832
+0.020+0.042
−0.021−0.040 0.821 0.833
+0.020+0.040
−0.021−0.040 0.852
H0 67.66
+1.10+2.20
−1.11−2.13 68.27 67.69
+1.06+2.09
−1.07−1.95 67.64 67.72
+1.06+2.01
−1.07−2.06 67.89
χ2 13676.896 13676.222 13675.694
TABLE X: Non-flat universe: Reconstruction of the interacting DE scenario where DE has a constant EoS in DE, wx, using
the combined analysis CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding parameter has not been
considered into the analyses while the sign ‘−’ present against any parameter means its mean value has been fixed for the
subsequent analyses.
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FIG. 20: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with constant state parameter in DE, wx, where the interaction is parametrized by the most general choice δ(a) =
δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3 and δi’s (i = 1, 2, 3) are kept free. The combined data for this analysis have been set to
be CMB + JLA + BAO + CC and the results of this analysis are shown in Table XI.
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FIG. 21: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with dynamical state parameter in DE, wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1 − a) + δ2(1 − a)2 + δ3(1 − a)3 and all δi’s (i = 1, 2, 3) are kept free. The combined data for this analysis have been
set to be CMB + JLA + BAO + CC and the results are shown in Table XIII.
dark energy state parameter shows its quintessential be-
haviour as, w0 is w0 = −0.910+0.152−0.184 (at 68% CL). How-
ever, the phantom character of w0 is still allowed within
the 68% CL where −1.095 < w0 < −0.758. Regard-
ing the spatial curvature, we notice that within 68% CL,
−0.00981 < ΩK0 < 0.00238, which is similar to findings
of this work in other scenarios. From Fig. 22 we again
conclude that, irrespective of the dynamical nature in the
DE state parameter, the negative correlation between δ0
and δ1 exists and such correlation is very strong.
We then start with the second parametrization of δ(a),
i.e., equation (15) where we fix the two parameters δ0
and δ1 to their obtained values, and constrain the inter-
acting scenario with the same astronomical data. The
results are summarized in the fourth and fifth columns
of Table XII and in Fig. 23 we show the correspond-
ing graphics. Our results show that δ2 assumes a very
small value with δ2 = 0.000350
+0.002540
−0.002261 (68% CL). Thus,
the contribution of δ2 towards the interaction parame-
ter δ(a) is insignificant. While on the other hand, the
present value of the dark energy equation of state keeps
its quintessential character (see Table XII), although the
observational data allow it to cross the phantom divide
line, since within 68% CL, −1.102 < w0 < −0.828. For
the curvature parameter, our conclusion follows the sim-
ilar statements made in earlier sections.
After the fittings with first two parametrizations,
namely, (14) and (15), we start with the next
parametrization (16) and fit the interacting scenario
where we fix the first parameters δ0, δ1, δ2 and constrain
the last parameter δ3 along with other free parameters.
The summary is given in the last two columns of Table
XII and in Fig. 24 we display the corresponding graphics.
The conclusion is that δ3 is very small and hence there is
no effective contribution to δ(a); the mean value of the
dark energy state parameter crosses the ‘−1’ boundary
although it may be quintessential in 68% CL; and the
curvature parameter assumes the negative value (indica-
tion for an open universe) while the positive and zero
values are allowed by the data.
As the last example, we take the general parametriza-
tion δ(a) = δ0 + δ1(1 − a) + δ2(1 − a)2 + δ3(1 − a)3 and
constrain the interacting scenario using the same com-
bined analysis employed throughout this work. The re-
sults have been summarized in Table XIII and the graphi-
cal dependence between several free parameters including
the one dimensional posterior distributions and the two
dimensional contour plots are shown in Fig. 21. From
Fig. 21, one can see that the parameters δ2 and δ3 are
not properly constrained since from the analysis we can-
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FIG. 22: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with dynamical state parameter in DE, wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1− a). The combined data for this analysis have been set to be CMB + JLA + BAO + CC and the results are shown
in the second and third columns of Table XII.
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FIG. 23: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with dynamical state parameter in DE, wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1− a) + δ2(1− a)2 in which (δ0, δ1) are fixed at their mean values from Table XII. The combined data for this analysis
have been set to be CMB + JLA + BAO + CC and the results are shown in the fourth and fifth columns of Table XII.
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FIG. 24: 68% and 95% CL joint contours and one dimensional posterior distributions for the interacting DE scenario (nonflat
case) with dynamical state parameter in DE, wx(a) = w0 + wa(1 − a), where the interaction is parametrized by δ(a) =
δ0 + δ1(1− a) + δ2(1− a)2 + δ3(1− a)3, and in which (δ0, δ1, δ2) are fixed at their mean values from Table XII. The combined
data for this analysis have been set to be CMB + JLA + BAO + CC and the results are shown in the last two columns of
Table XII.
Parameters Mean with errors Best fit
Ωch
2 0.1160+0.0036+0.0068−0.0036−0.0074 0.1158
Ωbh
2 0.02224+0.00017+0.00034−0.00017−0.00033 0.02224
100θMC 1.04102
+0.00042+0.00082
−0.00041−0.00082 1.04119
τ 0.082+0.017+0.035−0.017−0.034 0.096
ns 0.9698
+0.0059+0.0119
−0.0059−0.0115 0.9716
ln(1010As) 3.095
+0.034+0.067
−0.033−0.067 3.122
wx −1.046+0.067+0.117−0.058−0.124 −1.006
δ0 −0.165+0.192+0.313−0.146−0.344 −0.082
δ1 0.162
+0.145+0.340
−0.190−0.308 0.078
δ2 0.049
+0.598+0.951
−0.580−1.049 −0.183
δ3 0.013
+0.987+0.987
−0.232−1.013 −0.175
ΩK0 0.00013
+0.00562+0.01082
−0.00591−0.01091 −0.00448
Ωm0 0.303
+0.013+0.026
−0.014−0.025 0.314
σ8 0.829
+0.022+0.044
−0.022−0.043 0.847
H0 67.72
+1.08+2.16
−1.08−2.08 66.44
χ2 13676.21
TABLE XI: Reconstruction of the interacting DE scenario
where DE has a constant EoS in DE, wx, in the spatially
nonflat universe for the general parametrization δ(a) = δ0 +
δ1(1−a)+δ2(1−a)2 +δ3(1−a)3 using the combined analysis
CMB + JLA + BAO + CC.
not put any upper or lower bounds on them. This is not
surprising because we already mentioned that the param-
eters space for this interaction scenario increases consid-
erably compared to the previous interaction models and
one may expect such degeneracy in the parameters. From
Fig. 21, one can see that the strong negative correlation
between δ0 and δ1 does not change. This is probably the
most important finding of this work because such na-
ture is independent of the curvature of the universe and
with the dimension of the parameters space under con-
sideration. We conclude this section with the following
comment on χ2. Following the similar fashion, in Tables
XII and XIII, we show the χ2 values obtained from the
best-fit values of the reconstructed scenarios. Leaving
the χ2 value of the general scenario as commented ear-
lier, we focus on the χ2 values of Table XII and we draw
similar conclusion as described in section IV A 3.
V. SUMMARY AND DISCUSSIONS
In the present work we focus on a specific class of in-
teracting models where we denote the presence of inter-
action through the deviation in the evolution law of the
standard cold dark matter sector; we assume that the
evolution of CDM is governed by the law ρc ∝ a−3+δ(a),
where δ(a) is assumed to evolve and any δ(a) apart from
its null values, reflects the interaction in the dark sector.
The flow of energy can be characterized with the sign of
δ(a). For instance, δ(a) < 0 implies an energy flow from
CDM to DE while its positive value indicates the flow of
energy from DE to CDM. As the functional form of δ(a)
is not known, we take a standard approach − the Taylor
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Parameters Mean with errors Best fit Mean with errors Best fit Mean with errors Best fit
Ωch
2 0.1163+0.0033+0.0071−0.0035−0.0075 0.1142 0.1167
+0.0031+0.0057
−0.0029−0.0058 0.1172 0.1165
+0.0035+0.0057
−0.0026−0.0063 0.1127
Ωbh
2 0.02227+0.00018+0.00035−0.00017−0.00034 0.02226 0.02228
+0.00017+0.00032
−0.00017−0.00032 0.02217 0.02225
+0.00016+0.00031
−0.00016−0.00033 0.02230
100θMC 1.04104
+0.00041+0.00080
−0.00041−0.00080 1.04145 1.04101
+0.00038+0.00079
−0.00041−0.00078 1.04089 1.04098
+0.00037+0.00079
−0.00043−0.00071 1.04145
τ 0.078+0.017+0.033−0.017−0.036 0.078 0.078
+0.017+0.033
−0.016−0.032 0.089 0.079
+0.017+0.033
−0.016−0.035 0.102
ns 0.9701
+0.0057+0.0108
−0.0056−0.0112 0.9714 0.9694
+0.0055+0.0112
−0.0056−0.0108 0.9684 0.9694
+0.0053+0.0117
−0.0065−0.0105 0.9777
ln(1010As) 3.088
+0.037+0.067
−0.034−0.071 3.091 3.088
+0.033+0.064
−0.032−0.064 3.115 3.091
+0.033+0.065
−0.032−0.067 3.131
δ0 −0.139+0.209+0.313−0.137−0.354 −0.222 − − − −
δ1 0.137
+0.134+0.350
−0.208−0.308 0.218 − − − −
δ2 × × 0.000350+0.002540+0.004543−0.002261−0.004713 −0.000517
δ3 × × × × −0.000004+0.002698+0.004179−0.002056−0.005068 −0.001751
w0 −0.910+0.152+0.348−0.184−0.322 −0.873 −0.932+0.104+0.299−0.170−0.254 −0.989 −1.005+0.081+0.215−0.109−0.181 −0.982
wa −0.454+0.630+1.005−0.393−1.162 −0.531 −0.383+0.546+0.748−0.250−0.988 −0.180 −0.133+0.313+0.412−0.149−0.590 −0.140
ΩK0 −0.00329+0.005668+0.012586−0.00652−0.01188 −0.00619 −0.00262+0.00433+0.00939−0.00438−0.00885 −0.00003 −0.00121+0.00489+0.00912−0.00459−0.00810 −0.00435
Ωm0 0.306
+0.013+0.028
−0.015−0.029 0.313 0.306
+0.010+0.022
−0.012−0.021 0.299 0.305
+0.011+0.021
−0.011−0.021 0.293
σ8 0.831
+0.023+0.048
−0.023−0.047 0.825 0.830
+0.019+0.037
−0.018−0.037 0.852 0.831
+0.019+0.038
−0.019−0.039 0.847
H0 67.44
+1.17+2.20
−1.12−2.38 66.21 67.53
+1.01+1.98
−1.05−2.00 68.42 67.67
+0.95+1.98
−0.96−1.88 68.04
χ2 13676.868 13675.118 13677.000
TABLE XII: Non-flat universe: Reconstruction of the interacting DE scenario where DE has a dynamical EoS in DE, wx(a) =
w0 + wa(1 − a), using the combined analysis CMB + JLA + BAO + CC. In the columns ‘×’ means that the corresponding
parameter has not been considered into the analyses while the sign ‘−’ present against any parameter means its mean value
has been fixed for the subsequent analyses.
Parameters Mean with errors Best fit
Ωch
2 0.1161+0.0036+0.0076−0.0037−0.0072 0.1200
Ωbh
2 0.02228+0.00017+0.00035−0.00017−0.00035 0.02219
100θMC 1.04103
+0.00043+0.00084
−0.00042−0.00085 1.04079
τ 0.078+0.018+0.034−0.017−0.035 0.069
ns 0.9702
+0.0059+0.0119
−0.0059−0.0117 0.9623
ln(1010As) 3.088
+0.034+0.066
−0.034−0.068 3.066
w0 −0.912+0.162+0.350−0.177−0.345 −0.919
wa −0.471+0.631+1.035−0.418−1.154 −0.519
δ0 −0.162+0.179+0.373−0.183−0.364 −0.169
δ1 0.159
+0.182+0.361
−0.178−0.368 0.169
δ2 −0.042+0.609+1.042−0.535−0.959 0.384
δ3 0.036
+0.764+0.965
−0.483−1.036 0.983
ΩK0 −0.00282+0.00682+0.01177−0.00630−0.01239 0.00171
Ωm0 0.306
+0.013+0.029
−0.015−0.026 0.308
σ8 0.828
+0.023+0.047
−0.023−0.044 0.818
H0 67.49
+1.18+2.33
−1.18−2.28 68.12
χ2 13673.444
TABLE XIII: Reconstruction of the interacting DE scenario
for the dynamical EoS in DE, wx(a) = w0 +wa(1− a), where
the interaction is parametrized by δ(a) = δ0 + δ1(1 − a) +
δ2(1 − a)2 + δ3(1 − a)3. The combined analysis is CMB +
JLA + BAO + CC.
series expansion of δ(a) around the present scale factor
a0 = 1 as follows
δ (a) = δ0 + δ1 (1− a) + δ2 (1− a)2 + δ3(1− a)3 + ...
where δi’s, i = 0, 1, 2, 3, .., are constants with δ0 as the
current value of the parameter δ(a). However, the consid-
eration of a large number of free parameters in a cosmo-
logical model generally increases the degeneracy amongst
the parameters and it is naturally expected that the ob-
servational analysis with the entire parametrization (16)
might be plagued with this issue. In the present work we
have performed two separate reconstructions of the in-
teraction scenarios. To start with, we consider the Tay-
lor series expansion up to its second term, i.e. δ(a) =
δ0 + δ1 (1− a) and constrain the interaction parameters,
δ0 and δ1. Next we increase one more term in the Taylor
expansion as δ (a) = δ0 +δ1 (1− a)+δ2 (1− a)2, but this
time, we fix the free parameters (δ0, δ1) of this Taylor
expansion to their corresponding mean values obtained
in the previous analysis with the parametrization δ(a) =
δ0 + δ1 (1− a), and constrain the free parameter δ2. In a
similar fashion, we consider the final parametrization in
this series, δ (a) = δ0+δ1 (1− a)+δ2 (1− a)2+δ3(1−a)3,
and similarly we fix the values of (δ0, δ1, δ2) from the pre-
vious analyses and constrain the last interaction param-
eter δ3. We note that, in a similar way, one can continue
with more free parametrizations. But from the present
analysis we find that the parameters δ2 and δ3 are in
fact very small so that effectively the terms containing
δ2, δ3 might be neglected, and any further generalization
is hardly expected to improve the analysis.
Then we consider the full parametriation up to third
order, δ (a) = δ0 + δ1 (1− a) + δ2 (1− a)2 + δ3(1 − a)3
where we consider the parameters δi’s to be free and
constrained all the interaction scenarios. The analyses
performed with this entire parametrization now reflect
that the parameters δ2 and δ3 are indeed degenerate as
expected.
We have considered three dark energy models for
both spatially flat and curved universe with various
parametrization of the interaction. In whatever way we
proceed, and whatever kind of a dark energy we choose,
27
δ3, δ4 are always found to be small, and δ1, δ2 are strongly
negatively correlated, and they actually compensate the
contribution from each other, particularly for small val-
ues of z. So there is a very strong indication that there is
hardly any interaction in the dark sector of the universe,
at least for the present interaction function Q given in
eqn. (8). Even if there is any, that should have been in a
distant past. The present dark matter and dark energy
hardly infringe upon the independent evolution of each
other.
We have also considered models with a nonzero spatial
curvature. It is found that these models do not rule out
such a possibility. However, the fate of the possibility of
an interaction between DE and CDM hardly improves in
the presence of a spatial curvature. In all such scenarios
we note that the estimated values of H0 are very similar
to Planck [83], and hence, all of them are many sigmas
apart from the local estimation of H0 [84]. This perhaps
might be an issue for further investigations. Finally, we
display the χ2 values obtained for the best-fit scenarios
in the last row of Tables II – XIII. We note that from the
χ2 values of all the interacting scenarios (including both
spatially flat and nonflat cases), no new physics comes
out.
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